Our pressure-operated soft snake robot promises inherent flexibility and versatility to operate on complex and unpredictable environments compared to traditional snake robots made of rigid linkage chains. We previously presented a theoretical framework to describe its unique dynamic behavior and experimentally verified the accuracy of this model. This previous work had some drawbacks; the maximum center of mass velocity of the previous soft snake was one tenth its body length per second and the dynamic model could not predict the behavior of the robot when following non-linear trajectories because of a lack of frictional torques. In this paper we introduce the next generation of our soft robotic snake we call the "WPI SRS", which can locomote ten times faster than the previous version. Additionally, we present refinements to the dynamical model that can predict both linear and rotational motions of the robot. Finally, we demonstrate the accuracy of this refined model through experimentation.
INTRODUCTION
Snake robots [1] [2] [3] offer many advantages over other types of mobile robots. Inspired by its biological counterpart, a snake robot could traverse unstructured terrain while being able to pass through narrow openings or complex passages. However, the existing snake robots are made with rigid links, so their fundamental rigidity makes them unable to achieve the same flexibility as * Address all correspondence to cdonal@wpi.edu. a real snake. To address this issue, we have been developing and testing a series of pneumatically-operated soft robotic snakes to enable the full range of possibilities snake-like undulatory locomotion offers. In addition to the design and fabrication of these robotic snakes, we have also been developing a dynamic model, controller, and planner that would allow them to perform the desired actions.
To this end we previously presented a novel pressureoperated soft robotic snake [4] . The body of this soft robotic snake prototype comprised four bidirectional fluidic elastomer actuators (FEAs) composed in series as actuator-segments pressurized by controlling the state of a solenoid valve array. Similar to other soft robots [5] [6] [7] [8] [9] [10] , our soft snake robot is inherently safe and adaptable under unpredictable environments, which promises to reduce the burden on planning and control algorithms.
Our previous work also presented a theoretical dynamic model of the soft snake robot and experimentally verified its accuracy over linear motion trajectories [4] . This approach treated each soft segment as an actuated bending joint with solid connectors between segments as links. This model combined a kinematic model, inspired by rigid snake modeling efforts [11] [12] [13] with a dynamic model for pneumatic soft actuators [14] .
However, there are some parts of the previous work that should be improved. First, the original prototype of the soft snake was slow, with a maximum velocity of its center of mass (CoM) only around 20 mm/s, which is only one tenth its whole body length. This resulted from the inability of the soft actuators FIGURE 1. Experimental prototype of our new-generation pressureoperated soft robotic snake (WPI SRS), comprising four bidirectional bending soft segments in series and passive wheels at the ends of each segment to generate the necessary frictional anisotropy for lateral undulation.
to tolerate pressures higher than 35 kPa, as well as their loss of energy in the radial direction when pressurized [15] . In addition, the response times of the actuators were long because of the large pneumatic impedance caused by their use of small air channels. Finally, the previous model could not predict the rotational motion of the snake, because it didn't take into account the moments caused by frictional forces.
In this paper, we introduce a new version of the soft robotic snake shown in Figure 1 (called the Worcester Polytechnic Institute Soft Robotic Snake, or "WPI SRS") which uses a more efficient and higher performance bending actuator [15] called the Reverse Pneumatic Artificial Muscle. In addition, we propose a pair of refined snake dynamic models, which include the frictional torque effects. We compare these refined models with experimental results to evaluate their accuracy in predicting linear and rotational motions of the SRS and identify sources of error.
The contributions of this work include:
1. The introduction of a higher performance soft robotic snake with improved linear velocities. 2. The introduction of two dynamic models, which can predict both the linear and the rotational motions of the SRS.
REFINED DYNAMIC MODEL 2.1 COMPLEX MODEL
As in our prior analytical model, we examine the balance of forces and torques for each end of each segment (Figure 2) . Table 1 lists all the kinematic and dynamic parameters of the SRS model. However, compared with the previous model, the refined model incorporates the moment arms of the soft segments, which are graphically depicted in Figure 3 . From this, the force balance equation can be written as: Figure 3 displays the torque balance for each soft segment. F Li and F Ri represent the external forces perpendicular to the moment arm for points A and B on segment i, which include the joint constraint force and friction. Joint constraint forces ensure that two segments remain connected and frictional forces are anisotropic between the tangential and normal directions [14] . In order to calculate these moment generating forces, the sum of the joint constraint force and friction in Figure 2 should be projected to the moment arm normal direction. The projection angles θ F Li , θ F Ri , respectively for A and B can be calculated by:
For point A:
Let h * x,i , f * Rx,i be the constraint and friction forces in line with the moment generating force on segment i, written as:
The length of the moment arm changes as the segment curvature changes. According to the geometric relation shown in Figure 3 , the length of the moment arm is given by:
The approximated inertia of each soft actuator end point is given by:
The moment of inertia matrix of the entire soft snake is, then:
Therefore, the torque balance equation for segment i is:
where T i is the torque with respect to the i th point generated by the input pressure and material deformation [8] . Defining t i =
2 , we can plug equations (3) and (4) into (5) to reveal the torque balance for the entire snake: Equations (7) describe below the format of the matrices H 1 through H 8 for the given C elements for each case:
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This set of equations provides an accurate mathematical representation of the ideal dynamics of our soft snake robot. However, as the same as previous dynamic modeling [4] , the complete model is computationally expensive because of the joint constraint force calculations. In the next section, we present a simplified model, which ignores joint constraint forces. Figure 4 displays a diagram of the simplified dynamics modeling. Without the joint constraint force, the force balance equation can be rewritten as: 
SIMPLIFIED MODEL
Combining Equations (10) and (11), the dynamics of the whole system can be rewritten as:
where M M M θ = = = J J JI I I N N N .
EXPERIMENTAL SETUP 3.1 FABRICATION
Compared with the original fluidic elastomer actuators (FEA) [16] , we recently introduced an actuator, which offers robust operation, safety at larger input pressure values, faster response, lower center of gravity, and a flat bottom for better compatibility with snake-like lateral undulation in prior work [15] . The entire fabrication process of the SRS, which uses four bidirectional bending actuators as segments, consists of four steps as explained below and illustrated in Figure 5 Step 1 Body mold and constraint mold are 3D printed. The body mold has two parts, the holder which has the main shape of the actuator and the cover which helps form the shape of the channel. Constraint mold is a rectangular shell. An inextensible flexible sheet is inserted into the constraint mold.
Step 2 The silicone is poured into all molds. After the silicone fills the body mold, the cover is placed on top to create the fluidic channel. The silicone cures at room temperature in four hours. Two half bodies and the constraint layer are made at the same time.
Step 3 Half bodies are demolded. Nylon thread is tied following circular grooves around the body. A small amount of uncured silicone is brushed to cover the thread to make sure it stays in place attached to the main body.
Step 4 Finally, two half bodies and constraint layer are bonded to each other using a very thin layer of uncured silicone.
CONTROL
The WPI SRS uses a lateral undulation gait for locomotion. In the SRS, control inputs are the states of the solenoid valves. Each segment is controlled by two parallel solenoid valves operating antagonistically, each controlling a single bending direction. In order to generate a traveling curvature wave, the operation states of the solenoid valves are controlled by:
where ω, β i and φ are the frequency, traveling wave delay, and offset of the i th actuator, respectively. The solenoid valve is open when S i > 0 and is closed otherwise. Since the SRS is an underactuated system [4] , (8) and (12) were rewritten in state vector form, where a feedback linearized Based on experimental characterizations, the dynamic response of the actuator behaves as a second-order system [14] :
where τ 1 , τ 2 are time constants and C 0 ,C 1 , and C 2 are constant parameters. Combining Equations (13) and (14), segment curvature dynamics are written as:
MOTION TRACKING
In order to verify our dynamic model, we built an overhead motion tracking system for our snake robot. To ensure stability in the tracking procedure, we used an Optitrack V120:SLIM camera and infrared (IR) LEDs as tracking markers. In order to track the whole body movement, we mounted these IR markers on top of each snake segment and calculated the curvature variation for each segment based on the marker position data.
RESULTS

FRICTIONAL CHARACTERIZATION
In order to ensure the model's accuracy, the friction between the contact surface and the snake's passive wheels needs to be considered in the dynamic actuator modeling. Figure 6 shows the two cases of the dynamic response behavior of the actuator with and without friction. The addition of friction forces reduces the amplitude C 0 and increase the time constants τ 1 , τ 2 in (14) under experimental conditions. Coulomb friction coefficients are key to the dynamic behavior of the snake robot. To obtain accurate friction coefficients, we utilized a "spring car" shown in Figure 7 , which included a spring of known stiffness, a linear potentiometer, and passive wheels. As the contact forces are gradually increased, the car starts moving. To simulate friction forces in both tangential and normal directions with respect to the snake body, we recorded the largest deformation of the spring ∆L max , when wheels are freely rotating and when they are fixed. The friction coefficients were simply calculated as:
The measured parameters are listed in Table 2 .
COMPUTATIONAL COST OF BOTH MODELS
To compare the computational cost (measured as total runtime) of the two models in a simulation environment, we used the Matlab ODE toolbox to solve the differential equations of the soft snake robot model. The inputs to the simulation were the dynamic parameters of each actuator under friction as shown in Equation (15) and a traveling waveform of solenoid valve on/off commands calculated from (13) for a total of 500 seconds of undulatory locomotion. Simulations ran on a desktop computer with an Intel Core i7 2.80 GHz CPU and Windows 7 operating system. The complex model was solved in 94 seconds, while the simplified model was solved in 69 seconds, a 27% improvement.
EXPERIMENTAL VERIFICATION
To evaluate the strength of the refined model in describing the dynamic behavior of our soft robotic snake, we compared the model performance to that of the physical SRS. maximum linear velocity is around 220 mm/s which is ten times faster than the previous snake robot. The results shows that both model predications are similar to the experimental results with the complex model being slightly closer. Figure 9 (a-c) shows the contour plots of CoM velocities for the simulated model predictions and experimental results when offset φ = 0.4. While the general behavior is captured by both models, the simplified model seems to predict the CoM velocity better for the offset value. The differences that exist between the two predictions and experimental results are likely caused by several factors, including measurement error, fabrication inconsistencies, and the forces due to external tubing, especially for rotation motion. The snake was driven by an external air pressure source and the weight and friction of the required tubing was likely a factor in skewing the results of this experiment. In addition, the fabrication inconsistencies caused the constraint layer between the two halves of the body to have a non-trivial and varying width, changing the behavior of the snake. Figure 9 (d-f) shows the contour plots of the turning radius for the same simulated model predictions and experimental results when offset φ = 0.4. Similarly, a strong dependence of turning radii values on input pressure is revealed for all cases, but predictions are off by wide margin. Figure 10 shows the center of mass trajectory from the motion capture system and its corresponding circle fit alongside the predicted trajectories with frequency 2 Hz and input pressure 54 kPa. In the simulation, the length l of each segment was also assumed to be the length of the pressure chamber assuming the gap between the channels are negligible. However, these unactuated portions do not provide torque and impede the actuator bending, which reduces the SRS' ability to turn (see Figure 11) . Therefore, we choose a correction factor ((l + L o )/l) that represents the ratio of the total segment length including the gap, divided by the length of the channel. We multiplied this factor with the measured radius values (or rotational velocities) in the simulation results. The experimental turning radius values are still larger than the predictions of the two models, with the complex model results being closer. One of the reasons for this mismatch, in addition to experimental errors mentioned above, is that the models do not include the passive bending forces occurring at these portions, which act to reduce actuator bending curvatures and increase turning radii. Nevertheless, these investigations indicate that, through an initial calibration routine, the proposed models are strong enough to predict the CoM motions of the SRS following non-linear trajectories as a level of abstraction to a non-holonomic differential drive mobile robot, which in turn, makes planning and higher-level control tasks easier.
Conclusions and Future Work
This article introduced a new generation soft snake robot we call the WPI Soft Robotic Snake or WPI SRS, made of silicone rubber that can achieve velocities ten times faster than the previous generation snake robot. In addition, we refined our dynamic model which allowed it to predict not only the snake's CoM velocity when undergoing straight motion but also it's velocity and the turning radius when undergoing rotational motion. In order to control this soft snake motion based on our model for future studies, we need to make the soft snake move freely in a large area. However, the workspace of our current soft snake robot is limited by the external air, power source and tubing.
Future work will focus on a self-contained SRS, which will include electrical and pressure power sources, on-board control and embedded curvature sensors [17] , which can measure the bending angle of each actuator. Using the proposed refinement of the soft snake dynamic model, we will be able to use this proposed soft snake robot for more precise control and motion planning. This could include having the snake traverse a maze, where it would need to adjust its undulation parameters in order to move through challenging passages.
